Abstract-In this paper, we investigate the dynamic rate allocation for multipath routing with the node-disjoint paths in cognitive radio ad hoc networks composed of selfish secondary users (SUs) which are unwilling to forward the packets. We model the path stability factor of each path under a certain traffic session by distributing available channel in view of the carrier frequency of the available uplink channel on each path. Then the traffic sensing factor is also devised to characterize the priorities of different traffic sessions along the node-disjoint paths. In addition, we propose the differential game model of dynamic rate allocation for multi-path routing by taking into account both the mobility and random nature of the selfish SUs. A set of the non-cooperative optimal solutions to the dynamic rate allocation model is further obtained by deriving an optimization problem. Moreover, the distributed optimal rate update rule is developed to dynamically regulate the rate of traffic session over a certain path. Numerical results confirm that the effectiveness of the proposed dynamic rate allocation model.
I. INTRODUCTION
Cognitive radio (CR) or dynamic spectrum access in [1] has newly emerged as a promising solution to improve the spectrum utilization by allowing unlicensed secondary users (SUs) to access idle licensed spectrum. In a CR network, SUs can periodically sense the licensed spectrum and opportunistically access the spectrum holes or spectrum opportunities (SOPs) unoccupied by primary users (PUs). Most of the existing research efforts in CR networks mainly focus on the issues of the physical and MAC layers under an infrastructure based single-hop scenario, including cooperative spectrum sensing, spectrum access and sharing techniques [2] - [7] . In addition, SUs can further form a multi-hop ad hoc network without the support of infrastructure. In a cognitive radio ad hoc network (CRANET) [8] , SUs can only access the SOPs by seeking to underlay, overlay, or interweave their signals with those of existing PUs without significantly impacting their communications.
In comparison with the lower layer solutions explored by the existing research efforts as reported before, recent work indicates that there are many new challenges towards the routing problem upon the network layer in multi-hop CRANETs, such as the coupling between routing and spectrum-awareness, path stability and spectrum availability, and route maintenance, etc [9] - [11] . In this context, routing design in CRANETs differs sufficiently from the ad hoc networks, and must be carefully considered to deal with the creation and the maintenance of multi-hop paths among SUs by selecting both the next hop SUs and the spectrum availability on each link of the path due to the presence of PUs. To facilitate the distribution of the traffic load and also to avoid the route failure, there is a need to exploit multipath routing from the perspective of path diversity to improve the multi-hop transmission efficiency and stability in CR networks, notably [12] - [16] . Also, rate allocation for multi-path routing in CR networks is a key technology to ensure the effective packet delivery in different paths at the same time as well as the traffic load balance. Furthermore, effective rate allocation will also help to minimize end-to-end delay and control message overhead. Various rate allocation methods have been developed for CR networks from different perspectives, including end-to-end delay optimization [17] , QoSconstrained bi-objective optimization [18] , joint rate and power allocation [19] , etc.
As an alternative framework for modeling, gametheoretic approach has gained more attention as an economic tool to study the rate allocation problem in wireless networks [20] , [21] . In [20] , a non-cooperative game-theoretic framework for distributed asynchronous power and rate allocation in ad hoc networks was proposed. The rate allocation within this framework deals with its convergence to network-wide acceptable equilibrium states under stochastic communication channels. In [21] , a problem of joint channel and rate assignment was formulated as a static non-cooperative game with charging scheme, in which the different individual demand constraints in ad hoc networks are taken into account. The existing rate allocation models [20] , [21] using the static game theoretic approach cannot take into account the underlying constraint that CR networks in practice were subject to the dynamic timevarying network topology wherein the assignment of rate should be continuous in time. Another body of work formulates the dynamic rate allocation problem for multipath routing in CR networks as differential game model [22] , [23] . In [22] , an efficiency-awareness rate assignment problem of multi-path routing was devised as a non-cooperative differential game model with the hop number and bandwidth constraints, and the equilibrium of the game is also obtained. In [23] , a multi-person noncooperative differential game model for stable-aware traffic load sharing over multi-path routing was presented, and the feedback Nash equilibrium of the game is derived. However, although [22] and [23] used differential game theoretic approach to study the dynamic rate allocation problem, they did not consider some practical factors such as path stability and prioritized traffic session for multi-path routing in dynamic rate allocation model. Our work in this paper mainly focuses on the underlay CRANET scenario due to the high spectrum utilization and the simplicity of implementation. Both mobility and sometimes random nature of SUs result in the dynamics of the CRANET topology with respect to time dependency. In general, given the dynamic time-varying network topology, it is not realistic to keep the traffic rate unchangeably for multi-path routing. Hence, it is crucial to dynamically allocate the rate for multi-path routing according to the dynamic nature of time dependency. Meanwhile, in order to avoid the reroute operations due to the break of the end-to-end paths, an available and stable path should be selected as one of the node-disjoint multi-path routes, aiming to achieve the effective assignment of the traffic load along the node-disjoint multi-path routing. Taking into consideration the impact of the differentiated types of traffic sessions on the demand of transmission quality, this observation motivates us to characterize the priorities of the different traffic sessions to deal with the rate allocation problem. With this respect, the dynamic rate allocation framework for the node-disjoint multi-path routing is formulated bearing in mind the constraints of path stability and prioritized traffic session.
In this work, we study the dynamic rate allocation for multipath routing with node-disjoint paths by taking into account the constraints of the path stability and the prioritized traffic session for CRANET. We define the path stability factor of each path under a certain traffic session in multipath routing scenario. Specifically, the path stability factor is calculated by distributing the available channel according to the carrier frequency of the available uplink channel on each path with different distance. To characterize the priorities of different traffic sessions along the node-disjoint paths, we also devise the traffic sensing factor to evaluate the impact of differentiated types of traffic sessions on the rate allocation problem. By analyzing the characterized factors, the payoff function of a certain path from the upstream source SU is further presented based on two cost functions including the path stability cost and the traffic session cost. Owing to both the mobility and sometimes random nature of the selfish SUs, we propose the differential game model of dynamic rate allocation for multi-path routing. In this model, the transmission rate of traffic session over a certain path from the upstream source SU is dynamically regulated according to the dynamic nature of time dependency. Moreover, we devise an optimization problem to obtain a set of the noncooperative optimal solutions to the dynamic rate allocation model. The distributed optimal rate update rule is also employed to dynamically regulate the rate of traffic session over a certain path.
The remainder of this paper is organized as follows. In Section II, we introduce the preliminaries including network model, path stability model, and prioritized traffic session model. The dynamic rate allocation model is formulated in Section III. Then the non-cooperative optimal solution is described in Section IV. Section V presents the numerical results. Finally, we conclude the whole paper in Section VI.
II. PRELIMINARIES

A. Network Model
We consider a distributed underlay CRANET scenario, where PUs send their packets to the primary base station through the cellular primary networks with a finite set of cells. We employ the independent and identically distributed alternating ON-OFF process to model the occupation time length of PUs in uplink channels. Specifically, the OFF state indicates the idle state where the unoccupied uplink channels or the SOPs can be freely occupied by SUs. Let 0 t and T denote the starting time and the terminal time of the dynamic rate allocation for multi-path routing in this scenario, respectively. By the means of collaborative spectrum sensing, SUs can only leverage the OFF state to access the SOPs over the authorized uplink channels to further form a distributed multi-hop underlay CRANET with a set of stationary 
where  is a constant, for 1   . Note that Eq. (1) indicates that the  -th sorted link   Pi L  can find its most appropriate channels in view of the length of links and the carrier frequency of uplink channels. Obviously, 
C. Prioritized Traffic Session Model
Appealing to the Enhanced Distributed Channel Access (EDCA) mechanism for the support of applications with QoS requirements in IEEE 802.11e standard [24] , we devise the traffic sensing factor under the EDCA mechanism to quantify the priorities of the different traffic sessions. Our objective is to characterize the priorities of different traffic sessions along the nodedisjoint paths bearing in mind the differentiated types of traffic sessions. From the point of view of the priority, we classify the traffic session types for multi-path routing into four access categories (ACs) [24] . Let q be an integer index of the associated traffic type to an AC, for
As shown in Table I 
where  is a constant discount factor, for 01  . According to differential game theory [25] , the state variable   (8) and (9) constitute the differential game model of dynamic rate allocation for multi-path routing.
IV. NON-COOPERATIVE OPTIMAL SOLUTION
In this section, we apply the differential game theory [25] to derive the non-cooperative optimal rate of traffic session  over path   Pi under our dynamic rate allocation model in Eqs. (8) and (9) . Specifically, we devise an optimization problem to obtain a set of the noncooperative optimal solutions to the dynamic rate allocation model as follows 
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, the set of the noncooperative optimal solutions to the optimization problem in Eq. (10) is formulated as follows
where   
Proof: Performing the minimization operation of Eq. (11), we obtain (15) into Eqs. (10) and (11), we have
The non-cooperative optimal solution to the optimization problem in Eq. (10) is formulated as 
Without loss of generality, the form of Eq. (22) can be rearranged by the following differential equation
where     2 1 ,1 42
, it is not difficult to recognize that Eq. (22) is not exact. Hence, we introduce a non-zero integrating factor   
Hence, we have 
We can easily obtain   
Accordingly, based on Eq. (29), we devise Algorithm 1 to achieve the optimal rate update rule in a distributed manner.
V. NUMERICAL RESULTS
Consider a distributed CRANET scenario depicted in Fig. 1 From Fig. 3 , we can see that the noncooperative optimal rate will increase when the discount factor  increases. This can be explained by the fact that  is the discount factor which is a ratio of expected earnings in the future and present value. The higher discount factor will result in the higher rate for data transmission. Meanwhile, Fig. 3 . This can be explained by the fact that the higher stability factor can reduce the ratio of the break of the end-to-end paths. 5 , we can see that the non-cooperative optimal rate of traffic session VO and VI is significantly higher than that of BE and BK. This can be explained by the fact that the priority of VO and VI is higher than that of BE and BK. In this paper, we have developed the differential game model of dynamic rate allocation for multi-path routing in CRANETs by taking into account the mobility and random nature of the selfish SUs. We devise the payoff function of a certain path from the upstream source SU based on two cost functions including the path stability cost and the traffic session cost. By devising an optimization problem, we also derive the non-cooperative optimal rate of traffic session over a certain path under our dynamic rate allocation model. Moreover, we propose a distributed optimal rate update rule with the purpose of dynamically regulating the rate of traffic session over a certain path.
